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Abstract
Non-local conserved charges in two-dimensional sigma models with target spaces SO(2n)/SO(n) × SO(n) and Sp(2n)/
Sp(n)× Sp(n) are shown to survive quantization, unspoiled by anomalies; these theories are therefore integrable at the quantum
level. Local, higher-spin, conserved charges are also shown to survive quantization in the SO(2n)/SO(n)× SO(n) models.
 2004 Published by Elsevier B.V. Open access under CC BY license.Classical, two-dimensional sigma models on com-
pact symmetric spaces G/H are integrable by virtue
of conserved quantities which can arise as integrals of
local or non-local functions of the underlying fields
(the accounts in [1–5] contain references to the exten-
sive literature). Since these models are asymptotically
free and strongly coupled in the infrared, their quan-
tum properties are not straightforward to determine.
Nevertheless, following Lüscher [6], Abdalla, Forger
and Gomes showed [7] that, in a G/H sigma model
with H simple,1 the first conserved non-local charge
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1 Here, and throughout this Letter, we shall use ‘simple’ to mean
that the corresponding Lie algebra has no non-trivial ideals. Hence
U(1) is simple in our terminology, in addition to the usual non-
Abelian simple groups of the Cartan–Killing classification [13].0370-2693 2004 Published by Elsevier B.V.
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Open access under CC BY licensurvives quantization (after an appropriate renormal-
ization [6–8]), which suffices to ensure quantum in-
tegrability of the theory. By contrast, calculations us-
ing the 1/N expansion reveal anomalies that spoil
the conservation of the quantum non-local charges in
the CPN−1 = SU(N)/SU(N − 1) × U(1) models for
N > 2, and in the wider class of theories based on
the complex Grassmannians SU(N)/SU(n)×SU(N−
n)× U(1) for N > n > 1 [9].
It was long suspected, therefore, that the G/H
sigma models were quantum integrable only for H
simple. So it was something of a surprise when exact
S-matrices were proposed for the family of models
based on SO(2n)/SO(n) × SO(n), which were then
shown to pass stringent tests using the thermodynamic
Bethe ansatz (TBA) [10,11]. This was followed by the
construction of S-matrices for the models with target
spaces Sp(2n)/Sp(n) × Sp(n) [12], which were again
shown to be consistent with TBA calculations.se.
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results with the previous, well-known approach of [7],
by showing that the latter techniques can, in fact,
be used to show that the first non-local charge does
survive quantization, unspoiled by anomalies, in the
sigma models with target spaces SO(2n)/SO(n) ×
SO(n) (for n  3) and Sp(2n)/Sp(n) × Sp(n) (for
n 1). We also argue that these techniques cannot be
extended to any other new classes of models, at least
in any obvious way: the non-local charge is protected
from anomalies only if H is simple or if the target
space belongs to one of these two additional families
of Grassmannians. As a supplement to our discussion,
we will show at the end of the Letter how the quantum
integrability of the SO(2n)/SO(n) × SO(n) models
can also be established using a local conservation law.
We begin by summarizing the construction of the
G/H sigma model [1,2]. Let
(1)g = h⊕ m
be the decomposition of the Lie algebra g of the
compact group G into the Lie algebra h of H and its
orthogonal complement m; the condition for G/H to
be a symmetric space is
(2)[h,h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h.
The sigma model can be formulated using fields
g(xµ) ∈ G and Aµ(xµ) ∈ h which are subject to gauge
transformations
g
(
xµ
) → g(xµ)h(xµ),
(3)Aµ → h−1Aµh + h−1∂µh
for any h(xµ) ∈ H , thus ensuring that the physical
degrees of freedom belong to G/H . The fields also
transform under a global G symmetry
(4)g(xµ) → Ug(xµ), Aµ → Aµ
for any U ∈ G. The Lagrangian for the theory, which
is invariant under each of these symmetries, is
(5)L= − 1
2λ
Tr
(
kµk
µ
)= − 1
2λ
Tr
(
jµj
µ
)
,
where we use the covariant derivative Dµg ≡ ∂µg −
gAµ to define the related, g-valued currents
(6)kµ ≡ g−1Dµg = g−1∂µg − Aµ,
(7)jµ ≡ −(Dµg)g−1 = −gkµg−1.Note that kµ is gauge-covariant, transforming as kµ →
h−1kµh under (3), but it is invariant under (4); its
covariant derivative is Dµkν ≡ ∂µkν + [Aµ,kν]. In
contrast, jµ is gauge-invariant, but transforms in the
adjoint representation of G; it is the Noether current
for the global symmetry (4).
The gauge field Aµ is non-dynamical and the effect
of varying it in the Lagrangian is to impose the
constraint kµ ∈ m. The equation of motion obtained
by varying g can be written in terms of either current:
(8)
Dµk
µ = ∂µkµ +
[
Aµ,k
µ
]= 0 ⇐⇒ ∂µjµ = 0.
It is now that the symmetric space condition (2) enters
crucially for the first time, because it implies, in
conjunction with kµ ∈ m, the identities
(9)0 = Dµkν − Dνkµ ∈ m,
(10)
Fµν ≡ ∂µAν − ∂νAµ + [Aµ,Aν]
= −[kµ, kν] ∈ h.
Equivalently, we have the zero-curvature condition2
for the gauge-invariant current:
(11)∂µjν − ∂νjµ + 2[jµ, jν] = 0.
This, together with the conservation of jµ, is sufficient
to show that the g-valued non-local charge
Q(t) =
∫
dx j1(t, x)
(12)
+
∫ ∫
dx dy θ(x − y)[j0(t, x), j0(t, y)]
is conserved, which guarantees the integrability of the
model at the classical level.
The crucial question to be settled in the quantized
theory is whether the definition and conservation of
the non-local charge, and hence the integrability of
the theory, can be maintained. A potential problem
arises from the second term in (12): it contains
products of operators at the same spacetime point,
and, therefore, entails a careful regularization and
renormalization of Q. The approach of [6–8] is to use
2 This terminology is standard but potentially confusing. The
curvature it refers to is that of jµ regarded as a connection, and
not the curvature Fµν of the non-dynamical gauge field Aµ .
114 J.M. Evans et al. / Physics Letters B 597 (2004) 112–118point-splitting regularization and consider the short-
distance behaviour of the bracket expressed as an
operator product expansion (OPE)
(13)
[
jµ(t, x + ), jν(t, x − )
]∼∑
k
C(k)µν ()Y
(k)(t, x).
Here {Y (k)(t, x)} is a complete set of local operators
of canonical dimension at most two and C(k)µν () are
c-number-valued functions which can be singular as
 → 0. We include in the OPE all terms which are
divergent or non-zero in the limit  → 0.
The operator product expansion must, however,
transform correctly under all of the symmetries of the
theory. The left-hand side transforms under the adjoint
action of the global symmetry G in (4), and is invariant
under gauge transformations (3). Thus each operator
Y in the expansion on the right-hand side must also
transform in this way. But any such operator can be
written Y = gXg−1, where X is invariant under the
global G symmetry and instead transforms covariantly
as X → h−1Xh under gauge transformations. The task
is, therefore, to determine all operators X of this type
with mass dimension two or less.
There is a unique gauge-covariant operator of di-
mension one, namely the current kµ, and there are
two obvious candidates with the correct transforma-
tion properties and dimension two, Dµkν and the cur-
vature Fµν of the connection Aµ. Let us assume for
the moment that these are the only operators that ap-
pear. Then, since Fµν is antisymmetric and Dµkν is
symmetric, the OPE takes the form[
jµ(t, x + ), jν(t, x − )
]
(14)
∼ Cρµν()gkρg−1 + Cρσµν ()g(Dρkσ + Fρσ )g−1
(15)= −Cρµν()jρ − Cρσµν ()∂σ jρ,
where the coefficient functions Cρµν() and Cρσµν ()
are, respectively, linearly and logarithmically diver-
gent as  → 0 (we have suppressed the common
spacetime argument (t, x) for all the operators on the
right-hand side). The resulting expression (15) de-
pends only on jµ and its derivatives, and this is suffi-
cient [6–8] to show that the charge Q can be properly
defined in the quantum theory and that it is conserved.
For completeness, we give a sketch of the arguments
in Appendix A.The key assumption above, that kµ, Dµkν and Fµν
are the only gauge-covariant terms that can appear in
the OPE, is certainly valid if each of these operators
transforms in an irreducible representation of H , be-
cause there are no other local, gauge-covariant quanti-
ties of the correct dimensions that can be constructed
from the constituent fields. Both kµ and Dµkν take
values in m, which always carries an irreducible rep-
resentation of H for a compact symmetric space G/H
with G simple [13]. But Fµν is valued in h, which car-
ries the adjoint representation of H , and this is irre-
ducible if and only if H is simple.3 If H = H1 ×H2 ×
· · · × Hr , with a corresponding decomposition of the
Lie algebra h = h1 ⊕ h2 ⊕ · · · ⊕ hr , the total curva-
ture can be decomposed into irreducible components
Fµν = F (1)µν + F (2)µν + · · · + F (r)µν where each F (i)µν ∈ hi
transforms non-trivially only under Hi . In these cir-
cumstances our key assumption breaks down because
the term Cρσµν gFρσ g−1 in the OPE (14) must then be
replaced by
C(1)ρσµν gF
(1)
ρσ g
−1 + C(2)ρσµν gF (2)ρσ g−1
(16)+ · · · + C(r)ρσµν gF (r)ρσ g−1.
The coefficient functions C(i)ρσµν are unrelated to one
another in general, and so it will not generally be
possible to re-express this OPE solely in terms of jµ
and its derivatives as in (15). The conclusion of [7]
was thus that one should expect anomalies to spoil the
conservation of Q whenever H is not simple.
But consider now the target spaces SO(2n)/
SO(n) × SO(n). This family is clearly rather special
in that, while h is not simple, it is the direct sum
(17)h = so(n)1 ⊕ so(n)2
of two identical subalgebras, and these subalgebras
are simple, provided n 
= 4. Since neither of the
subalgebras is in any way preferred, it is then natural
to expect that gF (1)µν g−1 and gF (2)µν g−1 should have
the same coefficient in the OPE, in which case the
usual argument for quantum conservation of the non-
local charge would still hold. The way to formulate
this idea precisely is to show that there is a discrete
symmetry τ of the target space SO(2n)/SO(n) ×
3 See Footnote 1.
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in the denominator.
The existence of the discrete symmetry τ is per-
haps most easily understood by recalling that points
on the Grassmannian SO(N)/SO(n) × SO(N − n)
can be identified with n-dimensional subspaces in
N -dimensional Euclidean space. The factors in the
denominator are the linear isometry groups of such
an n-dimensional subspace and its orthogonal com-
plement. The special feature which arises when N =
2n is simply that the orthogonal complement to an
n-dimensional subspace is itself n-dimensional, and
so τ can be defined as the map which exchanges these
subspaces. This is an isometry of the Grassmannian
and, therefore, a symmetry of the sigma model.
To express τ in more concrete terms, consider the
following block forms for general elements of so(2n)
and its subalgebra so(n)1 ⊕ so(n)2:
(
P R
−R˜ Q
)
∈ so(2n),
(
P 0
0 0
)
∈ so(n)1,
(18)
(
0 0
0 Q
)
∈ so(n)2
(P , Q and R are n × n real matrices with P and Q
both antisymmetric and a tilde denotes a transpose).
Let
(19)T =
(
0 1
−1 0
)
∈ SO(2n),
and consider the inner automorphism of so(2n) de-
fined by
τ :
(
P R
−R˜ Q
)
→T −1
(
P R
−R˜ Q
)
T
(20)=
(
Q R˜
−R P
)
,
which evidently maps m → m and h → h in such
a way that the entries of the so(n)1 and so(n)2
subalgebras are interchanged. From this, we define a
transformation on sigma model fields
(21)τ : g → gT , Aµ → T −1AµT ,which leaves the Lagrangian (5) invariant; note also
the behaviour of the currents and field strength4
(22)τ : jµ → jµ, Fµν → T −1FµνT .
Now, terms in the current commutator OPE must
be invariant under τ , because the currents themselves
are. The two irreducible components of the curvature
(for n 
= 4) have the block forms
F (1)µν =
(
Pµν 0
0 0
)
∈ so(n)1,
(23)F (2)µν =
(
0 0
0 Qµν
)
∈ so(n)2,
and it follows from (20) and (22) that the action of τ on
F
(1)
µν and F (2)µν is to exchange Pµν ↔ Qµν . The combi-
nations gFµνg−1 = g(F (1)µν + F (2)µν )g−1 and g(F (1)µν −
F
(2)
µν )g
−1 are clearly even and odd, respectively, un-
der τ and the OPE must, therefore, take the form (14),
as claimed. In essence, the symmetry which constrains
the OPE here is actually the semi-direct product
(24)Z(τ )2  SO(n)1 × SO(n)2.
Although Fµν ∈ so(n)1 ⊕ so(n)2 carries a reducible
representation of SO(n)1 × SO(n)2, it carries an irre-
ducible representation of this larger group and so no
decomposition of Fµν is allowed in the OPE.
The existence of the discrete symmetry τ has
thus enabled us to extend the approach of [6,7]
and deduce that the quantum SO(2n)/SO(n) × SO(n)
sigma models possess conserved non-local charges,
ensuring quantum integrability, for n 
= 4. The model
with n = 4 is also quantum integrable, and for exactly
similar reasons, but this deserves some additional
explanation.
The denominator of the symmetric space SO(8)/
SO(4)×SO(4) involves four simple factors rather than
two:
h = so(4)1 ⊕ so(4)2
(25)∼= (su(2)⊕ su(2))⊕ (su(2)⊕ su(2)).
There are then four irreducible curvature components
appearing in (16), but discrete symmetries of the
4 In the definition (21) we have chosen to combine the automor-
phism acting on g with left multiplication by T so as to ensure that
the current jµ is invariant, rather than covariant, under the symme-
try. This is helpful, but not essential, for the arguments that follow.
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functions to be equal, as required. This is actually
a consequence of our original symmetry τ , which
exchanges so(4)1 and so(4)2, and just one additional
symmetry τ ′, constructed so as to interchange the
su(2) subalgebras within each copy of so(4). For a
single copy of so(4), the su(2) subalgebras can be
exchanged by conjugating by a 4 × 4 matrix such
as L = diag(1,−1,−1,−1) (there are many possible
choices for L; any two differ by an element of SO(4)).
We can, therefore, define the desired symmetry τ ′ by
replacing T with T ′ in (20) and (21), where
(26)T ′ =
(
L 0
0 L
)
∈ SO(8).
There are other, more exotic discrete symmetries of the
SO(8)/SO(4) × SO(4) model which arise from outer
automorphisms of so(8) [13] and which permute the
four su(2) subalgebras in (25) in any desired way, but
these need not concern us here.
Turning now to the Sp(2n)/Sp(n) × Sp(n) sigma
models with n  1, we can apply almost identical ar-
guments to those used above for the real Grassmanni-
ans. Block forms for general elements of sp(2n) and
its subalgebra sp(n)1 ⊕ sp(n)2 can be obtained from
(18) by taking P , Q, R to be 2n× 2n complex matri-
ces, with P and Q anti-Hermitian and the tilde in (18)
denoting Hermitian conjugation; these matrices must
also satisfy
(27)PJ − JP ∗ = QJ − JQ∗ = RJ − JR∗ = 0,
where J is a 2n × 2n symplectic structure (a real, an-
tisymmetric matrix with J 2 = −1). The block form
for T in (19) and the definition of τ in (21) are un-
changed, and the reasoning which restricts the form of
the OPE and hence implies the quantum conservation
of the non-local charge proceeds just as before.
Similar results cannot be expected for other com-
pact symmetric spaces G/H with H non-simple, how-
ever. Our arguments require that H consists of a prod-
uct of identical simple subgroups, and that there is a
group of discrete symmetries which acts transitively
on these factors. The first condition holds for the
families SO(2n)/SO(n)× SO(n) and Sp(2n)/Sp(n)×
Sp(n) and for just one other case, namely G2/SU(2)×
SU(2) [13]. (Note that the complex Grassmannians
SU(2n)/SU(n) × SU(n) × U(1) are ruled out be-
cause of the extra U(1) factor in the denominator.)For the second condition to hold, it must be possi-
ble to introduce τ as an automorphism of g which
commutes with the involutive automorphism defining
G/H , and which permutes the simple factors in h.5
This is not possible for G2/SU(2) × SU(2) because
the two SU(2) factors can be distinguished: they are
embedded inequivalently in G2 and they act in differ-
ent representations on m [13].
To conclude our discussion, we will give an alterna-
tive demonstration of the quantum integrability of the
sigma models on SO(2n)/SO(n)× SO(n), quite inde-
pendent of the non-local charges that have been the
subject of the Letter so far.
The classical integrability of the G/H symmet-
ric space sigma models can also be understood in
terms of higher-spin conserved currents that are lo-
cal in the fields and are related to H -invariant sym-
metric tensors on m [5]. It is usually difficult to draw
conclusions about the survival of such conservation
laws at the quantum level, but there are some no-
table exceptions which can be analysed very sim-
ply using an approach due to Goldschmidt and Wit-
ten [14]. Their method entails enumerating all possi-
ble terms which could violate a given classical con-
servation equation, and comparing with the number of
such terms which can be written as total derivatives,
and whose appearance would, therefore, constitute a
modification of the conservation equation, rather than
a violation of it. Global symmetries in general, and
discrete symmetries in particular, again play a crucial
role.
To carry out such an analysis for the SO(2n)/
SO(n) × SO(n) sigma model it is convenient to refor-
mulate it using a field Φab(xµ) which is a real, sym-
metric, traceless 2n× 2n matrix constrained to satisfy
Φ2 = 1 (this is used in [10]). The Lagrangian for Φ is
free except for the constraint, and the equations of mo-
tion are easily found (using a Lagrange multiplier) to
be
(28)∂µ∂µΦ + Φ
(
∂µΦ
)
(∂µΦ) = 0.
5 It is interesting to note that for g = so(2n) and g = sp(2n)
the involutive automorphism τ defines the symmetric spaces
SO(2n)/U(n) and Sp(2n)/U(2n), respectively. Commuting, invo-
lutive automorphisms have recently proved useful in classifying in-
tegrable boundary conditions for symmetric space sigma models on
the half line [15].
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SO(2n) global symmetry (4) acts by Φ → UΦUT.
Actually, the symmetry extends to O(2n) by includ-
ing a transformation
µ: Φ → MΦMT, MMT = 1,
(29)detM = −1.
The discrete symmetry (21) is now simply
(30)τ : Φ → −Φ.
(The relation of this new formulation to our previ-
ous description of the model is revealed by writ-
ing Φ = gNgT, where N = diag(1,−1) in the ba-
sis (18) and g ∈ SO(2n) with a redundancy g → gh,
h ∈ SO(n)× SO(n).)
In this new notation, the Noether currents (7)
are antisymmetric matrices jabµ , whose definition and
conservation may be written
(31)jµ = 12Φ∂µΦ, ∂∓j± = ±[j+, j−]
(light-cone components for vectors in Minkowski
space are defined by u± = u0 ±u1). A local, classical-
ly-conserved quantity can be constructed from jµ
using any symmetric invariant tensor, but we shall
concentrate here on the Pfaffian for SO(2n) which
yields the conservation law6
(32)∂−
(
εa1b1a2b2...anbnj
a1b1+ j
a2b2+ · · · janbn+
)= 0.
This higher-spin current is clearly even under τ , but
it is odd under µ, since the Pfaffian transforms with
a factor detM = −1, and it is this which proves
particularly useful in restricting the possible quantum
corrections.
We now consider all local operators constructed
from Φ and its derivatives whose symmetry properties
allow them to appear as quantum corrections on the
right-hand side of (32). To form an SO(2n) invariant,
the indices on all fields Φab, ∂±Φab , and higher
derivatives, must be contracted with each other (using
δab) or with εa1a2...a2n . An ε-tensor is essential here,
6 It is important to check that this higher-spin current does not
vanish identically. The analysis of [5] ensures this: there is a non-
vanishing invariant on SO(2n)/SO(n) × SO(n) inherited from the
Pfaffian for SO(2n), but this is not true for other real Grassmannians.
Note also that conserved quantities in [5] are written in terms of the
gauge-covariant currents, kµ rather than jµ in our present notation.however, because without one we can construct only
traces of products of matrices, which will all be
even under µ. The antisymmetry of the ε-tensor
then severely limits which products of matrices can
be contracted with it, and we have the freedom to
move matrices around within a product by using
identities such as Φ(∂µΦ) = −(∂µΦ)Φ which are
consequences of the constraint Φ2 = 1. Finally, the
symmetry τ is important in restricting the total number
of fields Φ (including derivatives) to be even. Taking
all these facts into account, we find that, up to terms
which vanish on using the equations of motion, any
quantum modification of (32) is proportional to
(33)∂+
(
εa1b1a2b2...anbnj
a1b1− j
a2b2+ · · ·janbn+
)
.
Because this is a derivative, the conservation law is
guaranteed to survive at the quantum level, albeit in a
modified form.
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Appendix A. The quantum non-local charge and
its conservation
The definition of the quantum non-local charge
given in [6–8] is
Qδ(t) = Z(δ)
∫
dx j1(t, x)
+
∫ ∫
dx dy θ(x − y − δ)[j0(t, x), j0(t, y)]
(A.1)
=
∞∫
−∞
dx
(
Z(δ)j1(t, x)
+
∞∫
δ
d
[
j0(t, x), j0(t, x − )
])
,
where we must show that the cut-off can be removed,
δ → 0, after choosing the renormalization factor Z(δ)
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tator term. Notice that terms in the integrand which are
logarithmically-divergent or finite as  → 0 will not
give rise to divergences in the integral as δ → 0. But
the form of the remaining, linearly-divergent term in
the OPE is fixed by two-dimensional spacetime sym-
metries (Lorentz, parity and time-reversal invariance)
to be of the form
(A.2)[j0(t, x), j0(t, x − )]∼ C()j1(t, x).
It follows that the charge is well-defined as δ → 0
provided Z′(δ) = C(δ).
Consider now an expression for the time derivative
of the charge:
∂0Qδ(t)
(A.3)
=
∞∫
−∞
dx
{
Z(δ)∂0j1(t, x)+
[
j0(t, x), j1(t, x − δ)
+ j1(t, x + δ)
]}
,
which is obtained on using conservation of jµ, a shift
in an integration variable, and the relation
∞∫
−∞
dx ∂0
[
j0(t, x), j0(t, x − δ)
]
(A.4)
= −
∞∫
−∞
dx
∂
∂δ
[
j0(t, x), j1(t, x − δ)
+ j1(t, x + δ)
]
.
The right-hand side of (A.3) must be finite as δ → 0 if
Z′(δ) = C(δ) (since we know Q itself is well-defined
in this limit) and, indeed, the identity (A.4) can be used
once more to relate the singular part of the OPE for the
current commutator
(A.5)[j0(t, x), j1(t, x − δ)+ j1(t, x + δ)]
to the OPE in (A.2). The conclusion is that, up to
space derivatives, the singular part of (A.5) must be of
the form W(δ)∂0j1(t, x), where W ′(δ) = C(δ). Thus(A.3) is well-defined for Z(δ) = W(δ)+ a, with a any
constant.
Finally, to determine if the charge is conserved
we must examine the finite, δ-independent terms in
the OPE for (A.5). If (15) holds, the contribution to
(A.3) is proportional to the integral over space of ∂0j1,
and this can be cancelled by choosing the constant a
appropriately. If (15) does not hold, however, then we
will in general have contributions from the curvature
components F (i)µν which cannot be cancelled by any
choice of Z(δ), and the non-local charge will not be
conserved. The anomalous contributions found for the
complex Grassmannians in [9] are exactly of this type.
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